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1. Introduction

In classical (crisp) Economic Order Quantity (EOQ) models, all inventory
parameters were assumed to be fixed or could be predicted with certainty,
but in real life situations, they will fluctuate little from their actual values.
Hence these parameters could not be assumed as constant. Such situation
can tackle through Fuzzy Set Theory by considering these parameters as
fuzzy numbers. Prof. L. A. Zadeh proposed the term “FUZZY” in 1965.
Prof. L. A. Zadeh [10 | formally discussed the concept “Fuzzy sets”. After
that Zimmermann [11], Dubois and Prade [4] etc. are developed the fuzzy
set approach and it is widely used in many applied subjects. Recently, some
inventory models are also discussed using different type of fuzzy numbers.
Vujosevic, et. al. [ 7 ] considered a modification of EOQ formula in the
presence of imprecisely estimation of holding and ordering costs where costs
are represented by Trapezoidal Fuzzy Number (TrFN). Yao et. al. [8, 9] used
Centroid and Signed distance methods to defuzzify the total cost in without
backorder inventory model, where total demand and the holding cost per
unit per day are represented by triangular fuzzy numbers. Umap and Bajaj
[6] also used Centroid and Signed distance methods to defuzzify the total
cost. Chen S.H. and Wang C.C. [1] and Chen S.H [2] used Function principle
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method to defuzzify the total cost. Umap [5] used function principle method
for defuzzification where fuzzy parameters are represented by trapezoidal
membership function.

Here in this article the total cost and optimum order quantity are obtained
in fuzzy sense for deteriorating items and especially considering demand
being dependent on selling price and frequency of advertisement by using
function principal method for defuzzification to obtain total fuzzy inventory
cost. Also, the median rule is applied to find the optimum Economic Order
Quantity [EOQ)] and shortage quantity. Solution procedure is illustrated by
anumerical example. The sensitivity analysis of the optimum solution with
respect to the changes in the different parameter values is also discussed.

2. Assumptions

1. The scheduling period is constant and no lead-time.

2. Demand rate R is dependent linearly on the unit selling price and non-
linearly on frequency of advertisement i.e., R = (a-bp)N* where a, b and
« are non-negative constants.

3. Shortages are allowed and totally backlogged.
Deteriorating rate is age specific failure rate.

=

5. The advertisement cost is fraction of the total selling price per cycle.

3. Notations

T : Scheduling time of one cycle.

R : Demand rate per unit time; R = (a-bp)N".
0 : Deterioration rate.

Q(t) : Inventory level at time t.

C,, : Total Holding cost per cycle.

C, : Holding cost per unit.

C,: Total Shortage cost per cycle.

C,: Shortage cost per unit.

S, : Total deteriorating units.

. : Total deteriorating cost per cycle.
4+ Deteriorating cost per unit.
- Advertisement cost per cycle.

C
C
C
P : Selling price per unit.
N

: Number of advertisements.



Fuzzy EOQ Modeling for Multifactor Dependent Demand 189

u : Advertisement cost (0 < u <1)
S : Initial stock level.
S, : Maximum shortage level.
TC : Total inventory cost per cycle.
(wavy bar (~) represents the fuzzification of the parameters)

4. Figure:

Y
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5. Mathematical Analysis
5.1. Crisp Model
At time t =0, the initial stock level is S, as t increases the inventory level decreases due
to demand mainly and partially by deterioration. The stock reaches to zero level at t = t;.Then
shortages occur and accumulate to the level Sjatt=T.
The differential equation describing the state of inventory in the interval (0, t1) is given by
dQ(t)
dt
Solving above differential equation using boundary condition at  t=0, Q(t) =S ,We get,

—bp)N® (S0 + (a — bp)N*®
Q(t)z_(a gp) +< +(a9 p)

using boundary condition at t =t , Q(t1) =0, we get

+0Q()=—(a—bp)N® ; 0<t<t,

)e—f’t ; 0<t<t

1 s6
t = plog (1 taz bp)N“)

The differential equation describing the state of inventory in the interval (ti, T) is given by,
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B0 = —(@-bp)N® ; t;<t<T
integrating both sides and solving using condition at t =t;, Q(t;)) =0, we get,
Q) =—(a—bp)N%t+ (a—bp)N%; ; t;<t<T

using condition at t =T ,Q(t) = -S1 , we get ,

S, = (a — bp)NT — (@ — bp)N® - ~1o (1+L)
1= p p 9 g (a_bp)Na

Total deteriorating units during the time interval (0 , T) are
Sa = [,* 6Q(t) dt . 0<t<t

“(a—bp)N* (56 + (a — bp)N“
_ef (a —bp) +( (a —bp) )e_gtdt
0

S, =
a 2 2

Solving above integral, we get ,

SO + (a — bp)N*
6

Therefore the deteriorating cost is given by , Cp = €454

Cp=Cy [—(a — bp)Nt, — <59 * (ag_ bp)Na) (e=0t: — 1)]

Sa=—(a=bp)Nt, ) -1

Holding cost over the time period (0, T) is given by ,Cy = C; fot L Q(t)dt

Solving above integral using equation (2) , we get
(a — bp)N%t, (59 + (a — bp)N“
0 02

Cy=C, [— )(e‘etl - 1)]

Shortage cost is given by

T
ty

Solving above integral by using equation (5) , we get

Cs =G [w (T - t1)2]

Advertisement cost per cycle is

Ca = u(S — Sa)PN

2
Cy=u|S————=|PN
a=H [ (a- bp)N”‘]
Then the total inventory cost is given by ,

TC=Cg+ Cp+Cs+Ca
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TC = (C; + Cg0) [ 220 — (SN (-0t — 1) 4 ¢, [ (7 — 1)7] +

H [ (a— bp)N“]

The above equation can be simplified using series form of logarithmic term and ignoring

second and higher terms as follows

_ (a-bp)N* (-, s 2 _ s
TC = (Cy +Cq ) bp)Na+cz[ (7 (a_bp)N“) ]+u[s 7(a_bp)Na]PN

To obtain optimum order quantity differentiating TIC partially w.r.t. S and equate to zero

dTC _ 2(C1+C46) C, 2uPN
ds ~ (a-bp)N@ (a—bp)N® (a—bp)N®

S+uPN —C,T =0

The optimum order level is given by,

o _ (a=bp)N¥(C,T—puPN)
T 2(C1+Cq0-uPNO)+C,

6. Methodology
6.1 Function Principle method

Defining the economic order quantity (EOQ) under fuzzy inventory model requires
arithmetic operations on fuzzy quantities. It appears that the method known as the function
principle is more useful for the fuzzy numbers with trapezoidal membership function as shown

in fig-3.1

w(x —c)
—— c¢<x<a

(a-o)
_ w a<x<bh

uaX) = w(x— d)
{( ; ) otherwise

Where o<sw<1
Such a number will be given a brief notation (c,a,b,d;w) or even (c,a,b,d) if the maximum w is

understood. In the remainder of the paper, we deal only with non-negative ¢ <a<bh <d

Fig 1 : Trapezoidal membership function
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By using median rule to obtain find the minimization of C. The median of Ciy of C can be
derived from
[(Cm-C1)*H(Cm-C2)1/2=[(C4-Cim)+(C3-Cm)] / 2
Then Cm=(C+Co+C3+Cs) / 4
In all practical applications, Cm falls in between C; and Cs. In some unlikely cases as shown

in figure- it could happen that C>C3 (or Cn<C>). Here we do not consider such cases.

7. Fuzzy Model
Let the fuzzy parameters such as deterioration rate, holding cost and shortage cost are

represented by trapezoidal fuzzy numbers. Then the equation of fuzzy total inventory cost is

D Cz [(a bpINT (T

TC = (6, ® €, ® 6) ]eau@) [s--22% lp.n

(a- bp)N”‘ (a— bp)N"‘ (a—bp)N*
where
§— (a—bp)N*®(C,QT-HQP.N)
2(C1+CR6-IRIRP.N)BC,
(5)? 52@6 & - ~ o A .
And CGRT,iQP.N,C; Q0 and i ® O Q P.N are fuzzy points

(a—bp)N*’ (a—bp)N®¥’

3.7.1 Defuzzification by Function Principle
Let, suppose C;, C, and 8 are fuzzy numbers with the trapezoidal membership function.

such as

C1=(Ci1, Ci2, Ci3, Cis)

C,=( Ca1, Ca2, C23, Caa)

6= (61,6,,03,6,)

&= (1, U2, U3, Ha)
By using function principle, the membership function of TIC can be defined as TC =
(TCy,TC,, TC3, TCY)
Where

_ (C1i+Cq*0))S? f@-ne s 2 e _5%0 .
TC; = Gratt 4 CZL[ ! (T (a_bp)Na) ]+ yL[S (a_bp)Na]P.N i=1234

By using median rule, above equation can be revised as

+ L Czi)*((“_””)”“[T— o ]2)+

2 (a—bp)N%

L G+ Bl Car 00 o

(a— bp)N“

Sl *[s - 52| P

bp)N<

To obtain optimum order quantity differentiating TICy, partially w.r.t. S and equate to zero
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dTCp,

ds =0

S (Zfic20) «

1 s ooy .
= 4{2 * (i Cui + Biea Ca 00 oy ma + e ppyne

[((a — bp)N*T — S) * (—1)] +

(ai‘::)iNa] ' N}

ko)« [1-
Solving the above equation, the optimum order level is given by,

(a—bp)N® * (Bics Coi * T — Xily i * P.N)

50 =
2000 G+ X Cax 0, =Xy 0, P.N) + (BE, Cop)

8. Numerical Example
1) Crisp model :
Input : a=100, b=0.5, P=4, N=2, 0.=0.3 , C;=0.5 , C=5, Ce=4 , T=1,0 =0.05, K=0.05,

Output : S=86.18, t,=0.70, S,=35.97, TC=81.10

2) Fuzzy Model

SENSITYVITY ANALYSIS

Ci

C2

0

u

t

S

TC

0.3
0.3

0.4

(3,4,5,.6)
(4,5,.6,7)
(3,4,5,.6)
(4,5,.6,7)

(3.4,5,6)
(4,5,6,7)
(3,4,5,6)
(4,5,6,7)

(.01,.03,.05,.07)
(.03,.05,.07,.09)
(.01,.03,.05,.07)
(.03,.05,.07,.09)

(.03,.04,.05,.06)
(.04,.05,.06,.07)
(.03,.04,.05,.06)
(.04,.05,.06,.07)

74.20
73.36
74.20
73.36

24.90
26.24
24.90
26.24

0.74
0.73
0.75
0.73

60.23
75.83
60.22
75.83

0.3
0.3

0.4

(3,4,5,.6)
(4,5,.6,7)
(3,4,5,.6)
(4,5,.6,7)

(3,4,5,6)
(4,5,6,7)
(3.4,5,6)
(4,5,6,7)

(.01,.03,.05,.07)
(.03,.05,.07,.09)
(.01,.03,.05,.07)
(.03,.05,.07,.09)

(.03,.04,.05,.06)
(.04,.05,.06,.07)
(.03,.04,.05,.06)
(.04,.05,.06,.07)

87.717
86.88
94.06
93.11

34.14
35.60
36.59
38.15

0.72
0.70
0.72
0.70

89.79
111.99
96.23
120.03
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9. Concluding Remark

In above table, sensitivity analysis of fuzzy model is presented. The optimum values
are presented along with the combination of two values of number of orders (N) and two
intervals of values of fuzzy parameters. Decision maker can select the optimum results of any
one suitable case. It is expected that if expenditure on advertisement increases, then total
inventory cost increases. Also it is seen that, due to increase in the values of various parameters
the total inventory cost in fuzzy model increases. So the control on the values of these
parameters is necessary. The function principle method is considered in very few fuzzy
inventory models for defuzzification. The models are lack of deterioration of an items, so it is
necessary to develop the inventory models for deteriorating items with function principle
method. Here function principle method is used for defuzzification for shortages-based
inventory model of deteriorating items. This model can be extended with finite replenishment.
The proposed model can also be developed for multi-item, multi-objective with or without

chance constraints.
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